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Abstract. The effect of the preservation of the topology of the entanglement in systems of polymer
loops which are part of a gel is investigated. A simple two-state invariant of this topology is
implemented in the preservation of the state of linking of sets of loops. We compute the free energy
of a network by making use of a variational principle and thereby to go beyond the limit of phantom
chains. We compute the contribution due to entanglements to the reduced stress of the network.

1. Networks with entanglements

When polymer strands are linked to form a network, loops may occur in the process, and
these may be classified by their state of knottedness. For permanent looping and linking this
classification represents a quenched, disordered topological and geometric state of the system.
How do these factors, specifically the knot invariance, influence the network elasticity?

The mathematical formulation of entanglement constraints is rather difficult, and
successful treatments have so far generally reverted to the ideas of reptation [1] for dynamics,
or to the model of slipping links [2], which have provided a direct and insightful inclusion of
some entanglements. However, the idea of the slipping link, modelled as a ring of infinitesimal
diameter binding two strands of polymer at a single point and captured between two crosslinks,
is still local in nature. This makes redundant the concepts of required closed loops in the
network and reduces the problem of entanglement invariance, which is a global function of
the system, to the view of only local constraints or interactions in the replica space. The
slipping link model has been combined with the tube model for networks, and the Mooney—
Rivlin behaviour found [3]. An approach including the global nature of entanglements into
an expression for the free energy of a network (using the Gauss invariant) has been made by
Iwata [4—6].

Here it is envisaged to build upon the simple ideas already introduced in the previous
paper [7] (hereafter referred to as I) for the melt of rings with quenched topology and to present
an alternative approach to entanglementin a network. Again the model will be highly idealized
and it will have severe limitations caused by the introduction of extraneous parameters such
as numbers of loops, the fact that the loop sizes will remain fixed and that a size distribution
for loops due to the process of crosslinking will be neglected. As already mentioned, the
invariance is imposed strictly upon pairs of such loops and reduces the denumerably infinite
number of such states to essentially two classes. Nevertheless, the topology is still maintained
even if the calculation is minimally non-phantom. Furthermore, the manner in which the
replica problem will be solved, i.e. by the variational ansatz as used by Deam and Edwards [8],
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already assumes a specific form of the answer, and the fact of topology is not what leads to an
harmonic, replica-coupling constraint in the system but rather because this is put in by hand.

Simulations of entanglement on crosslink lattices, which have been performed recently
by Everaers and Kremer [9, 10], have probed the fluctuation assumptions of Pearson and
Graessley [11]. Here again, though, only pairwise invariance has been considered. Everaers
and Kremer, on the basis of their simulations which explicitly compute the Gaussian invariant,
argue that the assumptions of Pearson and Graessley do not lead to the correct answer. They
also showed how stress is transmitted through a network by entanglements when such strands
are forced to make contact. In the present investigations the finite extensibility of the polymer
is not taken into account due to the use of a Wiener measure random walk, which ascribes a
finite probability to the end-to-end distance of an overstretched chain.

2. The model

Even without the inclusion of any crosslinking a spontaneously generated system of ring-like
molecules will have quenched disorder due to the arbitrariness and permanent nature of the
entanglement. A given number of rings is generated spontaneously at a certain density. The
entanglements thus created are trapped permanently. A deformation of such a system should
show an elastic response apart from the fact that the presence of non-phantom chains should
decrease the entropy from that of the phantom case.

As in |, it is chosen that the problem of physical topological invariance is most clearly
addressed by viewing the system as consisting of a set of rings which will be primary in
the identification of the objects between which pairwise invariance is maintained. As a
consequence here, the first simplification of the general network (depicted in figure 1) is
the fixing of the level, number and type of constraining conditipsiori. It is noted, that in
comparison to the arbitrary network, where the crosslinking of arbitrarily shaped molecules on
its own is responsible for the determination of the distribution and exact placement of loops,
the problem will be separated here.

The Gaussian approximation of the topologically relevant collective variable is again
utilized (as this obviously makes the expressions, without having to resum the complete series
of the expansion functions like a cosine squared, more tractable).

If two spontaneously created rings are found to have an entanglement described by

Figure 1. Representation of a network formed by the crosslinking of entangled rings. The black
squares indicate crosslink positions. An entanglement of two loops of linking number two can be
observed in the uppermost right-hand corner.
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t[ri?, r], given by

00 L !
t'[R1, Ro)s = / dr / ds f ds’ | - (Ra(s) x Ra(s"))[8® (R1(s) — Ra(s') — 21)
'+ 0 0

0 L L (2.1)
t{R1, Ro]; = [ dr / ds / ds’ & - (Ra(s) x Ra(s"))8® (Ry(s) — Ra(s) — 27)
it is required that the coonditic?n,
8 (W ] — i 15 = 1 (2.2)
must hold for all subsequent replicas> 0. We have used
8*(t{R1, R2]) = to[R1, R2] = |{{R1, RzJmod 2. (2.3)

The condition
constraint= 8 (/reference— ltest) (2.4)

for an invariant/ is implemented for all pairs of rings (i.e. excluding considerations like the
problem of the Borromean rings). It will be seen that even this simple implementation of the
invariant, using a random phase approximation and a variational approach, leads to lengthy
analysis.

The crosslinking and entanglement of separate rings also pose the question as to when
the system gels. Percolation can appear due to topological effects and in a different manner
due to the crosslinking. When does a melt of rings form an infinite cluster under linking and
crosslinking? Here reference can be made to the recent works of Zippelius, Goldenfeld and
Goldbart on the problem of percolation in networks, and as to when the transition from a liquid-
like to gel-like state takes place—an interesting but difficult question [12—14]. Henceforth, it
shall be assumed that one is well within the regime where gelation has occured.

3. Partition function

The model system consists 8f monodisperse rings of length such that the total length
is L = NL. These rings are crosslinked with each other at timett contact points, in, for
the sake of simplicity, the same density and temperature conditions as the deformed network,
N, times. The crosslinks are modelled as Dirac delta functions in the manner which has
become established convention throughout theoretical treatments aimed at treating network
properties in the direct manner. The product of crosslink constraints is exponentiated by
the integration of a variablg, which will form part of a steepest descents and variational
solution. Both the entanglements and the crosslinks represent quenched disorder. This means
that the free energy of such a system needs to be computed using the quenched average,
and again the replica trick in invoked [15, 16]. By denoting a generic disorder-dependent
Hamiltonian byH = H(x, [D]), with disorder distributiorP[ D], the averaged free energy
is given byF = [dDP[D]In [ dx exp—H (x,[D]). This can be computed by noting the
identity lim,_.o(Z" — 1)/n = InZ. For a network the probablity of disorder is given by
the Hamiltonian itself, and replicas of the system itself are used for the calculations. The
replica trick involves making: copies of the system and then computing the disorder and
thermodynamic averages. Analytic continuation of the resulting free energy as a function of
n is then used to calculate the replica limit above.

The statistical measure of the rings is given by a Wiener measure with a loop closure
condition:

N N 3 L
Dmir;} = { ]‘[@r,-(s)} exp( -3 2 / ds +]2~(s)>
j=1 j=1 0
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N
x [ 8[r; (@ — r;(L)]8[7;(0) — 7 (L)]. (3.1)

j=1
This is included in the replicated partition function with pairwigetopological invariance
constraints for all pairs of rings.

Z, _/]‘[:o oy e d“[]‘[]’[s*a[r,, rol —trf, 7 ,])}

i#j a=

X exp{ +MZ// ds ds’ ﬁ8(rf‘(s) - r;‘(s')) — N.In M}. (3.2)
a=0

i#]
The replicated free energy,,, is defined through the definitions and the ord¥r) term in
analytic continuation te € R,

eth =7, (3.3)
d
in |,
The expression in braces of equation (3.2) representing the crosslinking is dendfed by
N,N L L n
X = +“Z/ / ds ds’ 1_[ 8(ri'(s) = r§(s) — NeInp. (3.5)
i#j Y0 JO a=0 '

Here the summation excludes the possibility of crosslinkage of a ring to itself. This is to
prevent, at least, the formation of additional loops out of a single loop. Nevertheless, the act
of crosslinking can cause the situation of more loops to occur as a set of subpaths from several
individual strands of polymer. These will be ignored.

The approach now follows closely to that of the previous sections in that it is fortuitously
helpful to transform the variables into collective variables, to enable the utilization of a
Gaussian/random phase approximation (RPA). Once again, one can define collective variables,

U (k) = i/oLds P exp(+ik - 79(s)) (3.6)
such that the invariant c;n be expressed in the form,

tij = Z]E(k) ui(k) X uj(—k) = ZE(k) W (k) x W (—k) (3.7)
with k k

E(k) = /0 ” dr e *P¢ . p,. (3.8)

The complete system, subjected to crosslinking and to the topological constraints is modelled
variationally by means of the variational parametépf [8]) which localizes all fluctuations
in a harmonic manner.

3.1. Variational approach

In a crosslinked system the assumption that replica-to-replica monomer fluctuations are
harmonically localized, works very well. There is the an additional degree of freedom here that
uncrosslinked rings possess. In figur a pair is shown. The tubes indicate the localization.
The polymer ring can still move along its length bringing an additional contributi¥hto

the replicated partition function.
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Figure 2. A schematic representation of two entangled polymer rings in their tubes.

Since the crosslinks and the entanglements both provide an extremely difficult integral
for the partition function, it is helpful to model the constrained system by a variational
Hamiltonian,H,4r(g), with g representing some set of parameters which have to be determined
by minimization of the variational free energy,

F < Fearq) = Fuar + (Ho — Huar)o (3.9)
where,

—BFuar=1In / g Pl (3.10)
and

(..o :N/ ...e PHar (3.11)

with the inverse temperatuge = 1/« T, for Boltzmann’'s constantz and normalized such
that V' = [ e #far_ The familiar Hamiltonian is used, where the effects of the constraints
uponthe moleculesis calculated as an average over the variational replica-fluctuation localizing
Hamiltonian:

pr =3 [ s~ 233, - x4
- ff = S|\ — 55 ia — Ay ia
T 2070 20t

2 2
X > Vol — % x3, - 4 )3 |Ymm|2)
=-W-0 (3.12)
with the new variables for each loop,
Rgi (s) + )“GZ,Rgi (s)

X ai =
i) (1+12n)}
Aan?Rogi(s) —n~z 'R (s 3.13
X1 (s) = 0ai (5) 12 () (3.13)
(1+A2n)2

Yois) =n"2 ) &mem/n R (s)

for which the Jacobian of the coordinate transformation is equal to one. The fuii¢tiothe
abbreviation for the Wiener terms in the Hamiltonian of new variables@mdpresents the
harmonic terms. A primed sum omits the replica= 0.
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The closed paths in the replica space lead to closed paths in the transformed space
individually. The non-entanglement contributions for closed chains can be calculated as shown
by Deam and Edwards [8] by writing the Green function, derived from a differential equation
for a random walk, for example,

Go(x,x',s,s) = e % v (3.14)

1 +< 3 )2 3 (x—x')2
VI, V/1+na2 \2x|s —s|

1
2 2 2 £4a(s=s")
Do 9a qa [(xG + (x)F] cOSh™5=— — 2,
Golx,x',s,8) = 1_[ > sinh 0= exp| =% =)
o \ 27 sinh 2= sinh “e=>)

(3.15)

wherea > 0, for which the additional condition that rings be described means that the Green
function must be modified as follows,

Giing(x, x";5,8) = G(x,x";5s —s) x G(x,x"; L — s +5'). (3.16)

Sometimes the lowest eigenfunction for lakgés — s)¢ in equation (3.15) can be used:

~ TT /92 g 39u02+60P ~tgals—s'1/6 (3.17)
T
a

The variational partition functions for crosslinked and uncrosslinked entangled melts
consisting of%N(N — 1) distinct loop-pairs, respectively, are given by:

N(N-1)/2
chrossI= /e W-orie < Z H(S (ta T)> e<X>O (3-18)
t=0,1 0=
N(N-1)/2
Zymelt = / e el <Z 1_15 (t* - r)> L™, (3.19)
7=0,1a=

The exponential term iX is the crosslink contribution, withx the chemical potential for
crosslinks of numbeN,... For equation (3.18) to hold one assumes a sufficiently high density
of crosslinks such thaV, > N(N — 1)/2. As a consequence, in the limit whén>> 1, the
equations,

LN / efwa — 672nN > uGa—nNInL (320)

(Qlo=nNY g (3.21)
3 ga /2 (LP’N(N =1)\

(X)o=u 1:[ (z) <V1—+”)\3) Nelnpw (3.22)

and

5em_< > H(S*(t"‘ r)> (3.23)

t=0,1la=

are the expressions which hold from previously well-established results. The contributions
from the conventional terms of the free energy are adapted for loops (from those computed in
the paper of Deam and Edwards [8] using a lowest eigenfunction approach) and recorded here
only to the relevant physical orders having terms linear in the replica numbene equations
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above can be derived using the full expressionGasg and then written in the large limit.
For example,

/ Gring = 1_[ cosechg, — exp( — 2nN Z@) (3.24)

aai

L 2
£ - . -
n./\/'/o ds qg Xz(s)Gring =n ;qa(coth 45, — cosech §,) — n ;qa. (3.25)

What remains to be determined is the average of the topological constraint, equation (3.23).

3.2. The entanglement contribution

The RPA is computed in this framework in appendix A and is then combined with the replica
product of the entanglement constraint, equation (3.23) (see appendix B).

In a network one is not interested in the exact state or value of the invariant in each replica,
but only concerned that this state does not differ between the replicas. Again the RPA consists
of two non-overlapping sets of rings upon which is imposed on the closed loop condition. A
high number density of rings is required to assure the accuracy of the Gaussian approximation.

We rewrite the entanglement contribution as follows:

Eent = < Z % {Z; exp[in z:(:)(taca - rca)]>o (3.26)

7=0,1
with eachc, = 0,0, +1. This has to be evaluated in the complete replica space and yields a
determinant under the RPA as described in appendix B:

1 )
Eent = YT E E exp[— Trindet(18,p + w2c,cy AT Agy 1 AA p.0)] X €7 2a®  (3.27)
t=0,1 {co}

The trace represents the sums:

(21)°
To=3 > ) o (3.28)

k>0 a alk
The notationa 1 k means that the trace is taken in the transverse space of the r@atrix
only. This determinant has to be evaluated in the spacénf ) x 2(n + 1) dimensions in
addition to which there is a summation over a product of terms it is useful to factorize
the determinant, such that individual rows of the two factored matrices only contain terms in
onec,. Also, in the RPA the two matrices,, .1 andA,, ., are the same up to a proportionality
factor, and

AT (k) = Ag(k)6 (3.29)
is related the Pauli matrixp,

- 0 1 .

6= <_1 0) =itp. (3.30)
The function ofk was derived previously as,

As(k) = |k| ™% (3.31)

Factorization in this notation then gives the expression,

1 3 N
Eont =z 20:1 {2}: exp(— Trindet[(18,5 + 0 A5ca6 Aup) (L8up — 0A5CuG Agp)]}
t=0,1 {cq

X exp( —im ) car> (3.32)
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by using the fact that” = —&. Here

Nr
= 3.33
°=2v (3.33)
is proportional to the number density of rings and itis used because in thARPAX A, .2;

additionally, from the replica symmetry imposed by the RPA we define,

A1 = Ay (3.34)
Ar = Ay, (3.35)
As = A (3.36)
Ay = Agg (3.37)

where it is given tha&, 8 € {1, ..., n} anda # B.
Appendix B shows how the replica space determinant can be evaluated to give,

det(1ys + 0 Asca0Agp) = |1+ QASCO5A1|{ l_[ |1+QAsCa5D5|}
a=1

X

1+ ZQASC55D4(1+QASC,35D5)_1‘ (3.38)
=1

where the remaining determinants indicated .by| are over the transverse coordinate space
only, and new matrices have been introduced:

Ds = Az — Ag (3.39)
Ds = Ag — Ax(1+ 0A5co6 A1) Lo Agcohs. (3.40)

The second matrix above couples the zeroth replica to the deformed ones and depends on the
‘conjugate’ field for the coupling te in the constrainf | §*(t, — 7).

At this point it is helpful to introduce some additional notation. Let the sum over all the
entanglement invariant labels, with the appropriate weighting be denoted by double angular
brackets:

1 N
«Q» =N Z Z EQ l_[ efTrInll 400 AsDs| iTCaT (341)
t=0,1 {c%} a=1

andV be the correct normalization such thét) = 1. A helpful property of this definition
is the inclusion of the summation overandcy but without any of the determinant-based
weighting factors for the zeroth replica (i.e. the product above is over replicag). By this
point an approximate expression fy,; can be simplified significantly. The identity

(e") > e (3.42)

provides a basis to separate the factors of the determinant as derived in appendix B. Furthermore,
one can also use this identity, with the substitutioa In y above, to write

exp— Trin{y) < exp—Tr{lny). (3.43)

The use of the identities (3.42) and (3.43) together with the factorized expression (3.38)
means that it is possible to separate the contributions of the entanglement to the partition
function into three parts. Naming one of the traces,

K1 = Tro . In(1+ 0%A26 " Ds5Ds) (3.44)
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the product terms give

n
(c/’em — Z 4:;1 Z(e+i7rcor—Tr In det(l+g2c(2,A§&TA1&A1)) H(e‘Fi?TCuT—Tr In det(l‘*’CuQZAé&TDSﬁDS))
{ca}

t=0,1 a=1
xexp[—TrIn det<l+ZBﬁ) (1+ZI§B,3>} (3.45)

p=1 p=1
= N(e Trindet1+02c3A257 A16 An)~Trindet(1+Y 7, Bﬁ>(1+zg:1@ﬁ>» (3.46)

with the following definitions,

Bg = 0Ascs5Da(l+ 0cp AsGDs) (3.47)
Bg = 0Ascps  Da(l+ 0cs AssTDs) ™t (3.48)
Da(co) = Da(—co). (3.49)

The use of the inequalities now provides the estimate:
Eent > Z {cosrt(3 + S cosrre )" + (3 + L cospre k1))
7=0,1
x exp(— Trin(1+0%c3A267 A15 Ar))

‘ exp( _ Trln<<1+ ;Bﬂ» +Tr|n<<1+ ;Bﬁ») (3.50)

The first factor, i.e. the first line of the above equation, gives in the replica limit,
(2n)°

v
The second line containing soledy when averaged inside the logarithm is proportional to
> cosrt and gives a factor one in the partition function. In this approximation the term with
a direct dependence on the formation replica does not play a role. However, it is noted that a
role of this replica is still maintained as it appears in the definitioriBzodndD,.

The third remaining contribution occurs inside the natural logarithm, after averaging, as

N 1
—BFY = S(N=Din1+ e k1 (3.51)

N
~BFen = = (N =D TroIn(L +nA) (3.52)
whereA represents the averaged term and gives
20% 7 (D + Dy Ds
|1+ 00 Ds|

N
~BFan =~ (N = DT N (3.53)

_ —%(N — 1K, (3.54)

Inwriting the last expression a simplification with the view of the results in appendix A has been
made, although there is no problem associated with a more general approach. The definition
of K, is given implicitly and the star on the matricBg refers to their values withg = 1.

Use has been made of the fact that in the approximation usé@isfitris a diagonal matrix,

and thatil + pc6 AsDs| = |1 — oc6 AsDs|. Here the matrices are defined as in appendix B,
and the tilde indicate®, with the sign ofc in it changed. The reader is referred to compare
with equation (3.40);

Dy = Ag+ Ax(1 — 0Asco6 A1) toAgcod As. (3.55)
N is the normalization:
N =1+, (3.56)
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The sum can be expressed in terms of the more familiar quantities,
ZQZAgAza'A]_&Az

|1+ 06 Ashq|
The results presented above are largely due to the symmetries in the summations oyer the
andr.

A quick check of the results so far can be obtained by investigating the intuitively
understandable limiting situation of the variational parameter. When oo, i.e. the affine
case,Ds tends to zero and no entanglement contributions can occur in the free energy. This
is in agreement with the argument that a system deformed affinely everywhere, cannot show
the effect of entanglements. In the other extreme of vanishitige entanglements have
their maximum effect in the sense that completely phantom fluctuations are permitted. The
correlationsA, and A4 vanish to the fourth order if for smallg. Az has a contribution of
zeroth order ing andk, which leads to divergence when taking the traceskfoand K, as
were found in annealed case [7].

The variational free energy of the system with entanglement has now been established and
forms the central result:

- N L2N(N — 1) o1,
BFar(q) = N;Qa - NCTX(I: (mqg - E)ua>

D + D) = 244 + (3.57)

N 1 N
—E(N —Dln 5(1 +e K+ E(N —1DK>. (3.58)

The values of the variational parameter can be determined by minimizing the total free energy
with respect tqg,, done with the help of appendix A, yielding these as functiong ahd

of N andN.. Up to this point the variational ansatz, and the exponential inequality used,
the pairs of rings have been decoupled, and the RPA used to compute the entanglement term.
What remains is that the integrals over arc parameter for the rings and the traces over the
Fourier variables be taken. This is not analytically straightforward in the least and necessitates
numerous additional approximations. At hand are the paramégtarsd o, for which the
integrands can be approximated in various limits.

3.3. Dependence on cut-off

Section 3.2 contains the derivation of the terms contributing to the free energy which are
pertinent to entanglement. As was noted for the annealed case, and in comparison with the
equations of appendix A, related to the stiffness or number of bonds in each of the (identical)
ring moleculesx. o /N, for the number of bonds in a ringy,, is introduced. For the
purposes of investigating the dependence on thisiitis helpful to treat it separately. By redefining
the average,

n
(Q) =N Z Z 4% Q l_[ g [Trin 11+cu05 AsDs|—c2o?gik 2J+imc, (3.59)
t=0,1 {c¢*} a=1
with ¢, representing a function comprising the divergent contribution, the inequality follows
as before but with another factor:
Eont > Z ${cosmt(3 + S cosmre Xi)" + (3 + § cosmreFi)"}
t=0,1

2,2 2
e TN L+02GAZGT A Ag)e™ T Famn e/

e T+, Be)+Tring Ly, By ) (3.60)
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with
K =Trop{In(1+0%2A26 " Ds6 Ds) — 024, /K?). (3.61)

After taking the replica limits there are now three termigi, F<2 with the replacement

K, — K7, and
—BFat=—N(N —1)/20° Tro/kPe Xi(1 + e X)L, (3.62)

The term denoted b;Féﬁi above is rather tedious to compute. In order to make
further analytical progress, it shall be assumed that only one variational pardnigtesed
(independent of Cartesian coordinate) and that in the limit of extremely Rargén the
variational context one can make the contributiﬁ‘ﬁ{ zero by factorizing the last factor
of equation (4.38) into terms only linear in in thg and by making use of inequality (4.43).
All eigenvalues are positive.

4. The variational free energy and conclusions

In this section it will be assumed thats x? and thaj > o which are the easiest limits in
which to compute the free energy for the entangled system. Consulting the appendices (A and
C) one finds that there is the cut-aoff:

2 3/2 5 3
o° (LL X3 (2m)
K = < 4.1
1= (6) 7 d()) v 4.1)
with
1 1 51
_ 42, * L.2 Q24
d(/\)_<x +A+1> (3A +1+3)\> (4.2)
such that one has
N 0% (LLNY?xS  (27)°
—BFO ~ (N[ =) ZLan . 4,
ﬁent 4(N )5(6> qd()v (3)

The variational free energy density is now,

- N _ 1 1 1 1
Bfvar(@) = 37‘1 — Ocrossl [3|nq - E <)‘2 + 2X>j| + EQent?d(A)‘ (4.4)

Here the definitions of the variables,: andocrossiare implicit.
A minimization of this expression yields the equation,

3N 1 1
0= — — 30crossiz — Qent~—3d()\) (4-5)
14 q q

for the variational parameter.

Inthe case of extremely strong crosslinking which from previous work is known to increase
the degree of affinity of the system in such models as that of Deam and Edwards, one finds the
usual (extremal solution),

. Vv
q= chossIN- (4.6)

When the entanglement contribution is taken as considerably greater than the contribution
in a lightly crosslinked system (there alg@ppears at a lower order), one finds for the system
that a large localization exists,

1/3

I nav=1) , fen\?
qg{ 22 ‘92<?) x5d0y | 2m = ogltd (). (4.7)
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s

Qel/lt 8

Figure 3. This plot of the contribution to the reduced stress shows the
typical Mooney—Rivlin behaviour. The horizontal axis represents the
deformation in the form Ax and the vertical axis is the reduced stress
normalized b)@éﬁ. At large deformations the modulus shows a rapid
l//\ increase, and for smaller deformations the slope of the plot changes.

This agrees with the fact that the contribution of the entanglements to the elasticity, must start
from zero before increasing. Consequently, for this case one has,

3N 1 2
Bfmin = <7 + 1) Qér/w?dl/s(k) - chosslln(Qemd()\)) + EchossI <)¥2 + x) . (4-8)
In order to make conclusions about the modulus of the network the reduced stress, defined
as,
dﬁfmin 1 -t
= A— = 4.9
1= (% 5 @9)

is usually plotted. By definition then,
dﬂfmin 8,Bfmin aé a,Bfmin 8ﬁfmin

= ot = . 4.10
dxr 3G dr oA FR (4.10)
This gives
10d(r
[f1 = Qcrossi* Qent (q2 8; )) A — )\72)

(A — A~ 2)( x4+4x2+2x+1+8x L+ 23913

The crosslinks in this approximation again give a term which does not depend on the
deformation of the sample. However, the entanglements do give such a contribution dependent
of A. This is shown diagrammatically in figure 3. The figure shows the typical behaviour as
seen in Mooney—Rivlin experimental plots. The modulus increases dramatically with large

extension, but shows a decreasing tendency in the region1. This corresponds to the
experimental situation and other theoretical work (e.g. [3]). The behaviour arouadl

is generally understood in terms of slipping links, the later increase of modulus due to the
dominance of the restraining tube effect. The slipping links cause a softening because the
stretched polymers gain more freedom before the links can slip up to the permanent crosslinks.
A model using topological invariants should reproduce these two types of effects. Even after
all the approximations made this behaviour is still seen.

When we consider the variational localization paramétdo be independent of the
deformation (as with string crosslinking, for example), we see from equation (4.4) that
the contribution to entanglements at large deformations scale$. aghis agrees with the
considerations by Otto and Vilgis [18] and Frisch and Wasserman [19] for the scaling of the
free energy for two interlinked polymer loops being pulled apart.

If we assume a dependenceqofs in equation (4.7) the large deformation-dependence
scales a3%/3. This is weaker than for a purely crosslinked phantom network since the chains
are far less constrained by entanglements than by crosslinks. Other authors [20] found that
olympic gels shows two regimes with the large deformation, the highly linked regime having

(4.11)

= Ocrossl T Qem
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a dependence®?2. Our present approach considers only two-state linking and must, as a
consequence, underestimate these effects. We have also represented results validffor large

We also observe that the contribution of the entanglements increases with the density
of polymeric material per unit volume. Because the calculations have been presented in the
regime of high localization and with the present implementation of the linking invariance it
is not possible to conclude about the low localization regime where the modulus due to the
entanglement ofincrosslinkedcchains decreases as the chain length is increased at constant
number density of loops which is only reached after a suitable crossover.

In this paper a method of dealing with quenched topological constraints within the context
of the simplest two-topological-state considerations has been discussed and its application
in a network has been computed. The complexity of the system necessitated a strongly
approximative approach. Nevertheless, we have been able to compute the contribution to
the network elasticity due to including the effects of entanglements already at this level. We
have shown the Mooney-Rivlin behaviour for entanglement-dominated networks and argued
that olympic gels will be softer than their crosslinked counterparts in some regimes. Future
work should address improving the approximations made. The system behaves according to
intuition in the extrema ofj. In the limiting case of extremely largg investigated above,
it is seen that the qualitative behaviour of the reduced stress, as observed experimentally, is
produced. From the analytical complexity it can also be seen that a disadvantage of the present
variational formalism is the use of tliewhich adds another scale to all integrands, making
already tedious and difficult analysis more complex. It should be helpful to investigate further
regimes ofj.
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Appendix A. Gaussian approximation

A.1. Gaussian approximation

The aim of this appendix is to compute the RPA replicated collective variable probability
distribution for the two-ring collective bond-vector density variables as defined in the main
text:

T2 1 Ai)(Jﬁ 1 T —-1\eB g8
Pg[{V], 3} = EXP(—E Trin o exp( 3 ;;3:21@: Vi (k) - (A7) -5 (k)>.
(A1)
Here again, as in the arguments presented in [7] and the main text, the ring-conditions upon
the functions¥ apply. This means that in the final calculation the transverse matrices will be
used.
The following definitions, which serve as extensions to those in [7] are made:

” AeB: D) 0
A :< 0 A (A2)

Aaﬂl(l) — valAaﬁ (A3)



3314 S F Edwards ad K K Milller-Nedebock

AP = (N — M)V~ A% (A%)
A Ay . Ay
Ay As Ay

AY =1 . (A5)

Ay Asg

The calculations are performed in the context of the variational Hamiltonian dependent on a
possibly component-dependent harmonic localization parangetey,, and the coordinates
related to it which are written here as,

r9€s) = 0, X2(s) + 04 ha/nX2(s) (A6)
1 1 < ;
r () = 0,0 X2(s) — 0u—=X2(s) + —= ) Y (5)e Zmiem/n (A7)
NV DY
with
o=t (A8)

/1 +A§n.
The A, represent the components along the diagonal of the diagonal deformation tensor.

Subscriptsa and b indicate Cartesian components. The replica localization term of the
Hamiltonian is then given by,

2{ L n
Q=qu /O ds(|X§1’(s)|2+Z|Yf(s>|2>. (A9)

m=2

In the annealed case it was seen that the dominant value was exact. Here this is not the
case. This is because the formation and non-formation replicas couple, in Fourier space, by
a vector proportional t& - A. Using the dominant value approximation circumvents this
problem at the order of that approximation. Further comments on the approximation used and
the definitions of the functionB(s, s”), below, will follow:

L L _ ) ) )
Agpn =~ / / dsds’ (0,05 X2() X(s") + 040p kg lpn X 2(s) X} (s")) Ba(s, s7) (A10)
0 0
L pL _ ) ) )
Aypp > / / dsds’ (O’aO'b)\ng(S)X}?(S/) - aaab)\an(s)X%(s')) X Bo(s,s) (A11)
0 0
L pL _ ) ) )
Aypz > / / dsds’ <GanAaAhX2(s)X,?(s/) +o,0n X (s) X7(s")
0 0
+n Y Y;”(S)YZT(S’)>B3(S, s) (A12)

L L
Agpia / / dsds’<oaa,,xa,\bx2(s)xg(s’)+aaabn—1xj(s)x,}(s’)
0 0

Y Y)Yy (s/)e_z”i(“_ﬁ)m/”>B4(s, s). (A13)
The results not in the exponent are derived using the following properties:
. . ?
(X°(s)X%(s")) = 8ap (37) [L&(s — ') — 1] (A14)
: : ¢ _ coshg, (1 — 2b=1y
1 1o\ — - Iy L
(Xz($)X}(s)) = ban (3L> =L8(s $) = qa Sinh,
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E / /
= 8up 3L (L8(s — ") — Cg,(s — 57)). (A15)
Above, the new function of contour length afidhas been defined implicitly:
coshg, (1 — 257
sinhg, '

Ci(s—5)=4qa (A16)

The limitg — O, i.e. the case of no inter-replica localization, reproduces the results of [7] as
expected. Here the transformed variable is given by,
- s
qa = 12
In the limit g, — oo, Va the affine result is recovered.
The averages are derived by expanding the functions in terms of ring modes and by using
the identity,

(AL7)

m2+z2 27  sinhzw 272

3 cosmx _ m coshz(r —x) 1 (A18)

m>0

to sum the resultant contributions in a standard procedure which is similar to the one by means
of which Green functions for chains are computed (as in the book by Freed [17]):

1

/ / da ’
Go(X,X',s5,5) = -
( s5,5") 1:[ <2;T sinhéq, (s — S’)/3>

. 4o (X2+ (X))?) cosh4s=) _ 2x, X
S i sinh 4= '

(A19)

The exponential contributions to the various elements and factors in the matrix come in
two categories, and can be obtained from the following identities:

. ‘ y LLE? [|s —5'| (s —s)?
e k(X2 =X26y — ayp| 22 1a _ A20
( ) p 5 7 B (A20)
(e X (o L cothg 1
gk Xi (O X7 D)y — axpl — 2 4 (2 a _
( ) p 1 (kg +()y) 2%, 252

, [ coshg, (1 —2|s —s'|/L) 1
A (AzD)

Combining all the results above, the complete functions in the exponent are given by the
following:

, LLK? [|s —5§'| (s —s)?
Bi(s,s") = exp[— 5 < 2 ):| (A22)
, CLE2T 5 (Is—s'| (s—s)%) 1 ». { cothg, 1
Bz(s,s)_exp{ —XQ:—G [x( i >+§(1—Aa)< %, 2(}3>
coshj,(1— 2=y 1
A2 L~ _ A2
i < 24, sinhd, 2@3)” (h23)

, CLk? s —s s —5')?
BS(S’S):eXp{_ZTI:)\é(' 7 |—( 12 >

~ 51— 2ls—s'|
i (FS0e =2
24, 2g, sinhg,

(A24)
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) CLK? Is —s'| (s —s")? cothg, 1
s =] - e 22 (- O e (- )

~ 2ls—s'|

+A2(C°Smj‘(l_ T) - i)} } (A25)
“ 24, sinhg, 2q2

The replica limit has already been taken. One finds, as in the RPA for the excluded volume

problem, that the off-diagonal replica-coupling terms have exponential contributions which

remain finite when — s* — 0. The contributions standing before the exponential factors are

listed below:

l

F = 5ab3—L{5(s —s)L — 1} (A26)
Aol )

F= Sabﬁ{céa (s—s)—1) (A27)
14

F3= Subi{kg(S(s — 5L — 1)+ (1 — A2)(L8(s — s') — Cg,(s — s"))}
l

= dapo (L8 =) = 22— (1-2HC5 (s — ) (A28)

L

Fs= sabi{xg(a(s — )L — 1) — A2(L8(s — s') — Cz,(s — 5'))}

22¢

3L

In addition to the arguments presented above are the usual delta functions of the arguments

of the wavevector as they are found in section 2 or appendix A, in that, for example,
Aq(k, k') = 8(k +K)A1(k), etc.

=8up——{Cs,(s —s") — 1}. (A29)

A.2. The dominant contribution

It has already been mentioned that the dominant contribution approximation, i.e. the one
of writing the average as a product of averages, cannot be dismissed as easily as in the
quenched polymer case. The annealed calculation showed that the strongest contributions
to the resulting average for entanglement constraint come from the highest poweaistinis
becomes extremely large. The exponential contributions, of course will usually cause a zero
except in the narrow regions of some width? around where the argument in the exponent is
very small and linear. Consequently, one has that

1
f ek ~ 2 (A30)
.1
—k*<s
/Se ~ 2_](4 (A31)
/ S(s)e s ~ 1. (A32)

The contributions proportional ték, k - Ak, etc, from a full expansion would have the
structure as the second expression above and fortargsult in terms which do not contribute
significantly in the sense that they produce no divergent term to the final result of the integration.

A.3. Limiting expressions

For extremely smalf, the correction taA3 would be one plus ordej?, whilst other terms
would appear at fourth order in the small parameter. Therefore, one has a large divergence in
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the trace and it helpful to use the expressions developed for a divergent part.j\isen?,
wherex, is the cut-off due to the bond-number in the trace dweone finds only very small
corrections of ordef —*

However, here itis easiestto deal with the case where the value of the localizing parameters
is still far less than the cut-off, which can be chosen arbitrarily large, but still much larger than
one, i.e. the localization strength is more than the ring length.

Noting, that for largej,

coshg, (1 — 2y)

~ exp—24, A33
sinhd, P—2qGay (A33)
one will find, for example, for large values of = k?¢L/6 that,
26,02 — 1
Ds o LZ) — 22/ + 1. (A34)
K

For smallx?/g§ one can expand the integrands and evaluate the lowest-order terms using the

full expression foqu“ and determine that,

AaGa Ga }
= —38w + 4+ ——— . (A35)
Z 29, [qa +4c Gatde Gatqc
A.4. Transverse contribution
These matrices, for uniaxial, isovolumetric deformations
A Y20 0
A= ( 0 212 0) (A36)
0 0 A
are then easily reduced, such that
a 0 O 4 0
T
R(g [(1) S>R _)<O c+(a—c)COS°‘9>' (A37)

The direction of elongation has been denoted asd6 describes the angle betwekrand
this direction.

For the sake of further simplicity it will be assumed that only a single variational parameter
is used which is isotropic, in the sense that= g, Ya. From the above one has for the case
of smallx?/g and for uniaxial, isovolumetric deformation far

L k2 [2 , 1
=35 [ (x A) cos o + 1] (A38)
and fore,
L k2 1 1
= ——[A%+ p—— +1 A
€=73 5 [ i ( )\>00§0 ] (A39)
and the determinant in the main text then gets a contribution of the form
(L 4
rr < ) (2’( 240 0) = ate(l - cof6) +a) (A40)

with

_ (e ter) (Leera8t
d(A)_fd(cosG)d(A,Q) = (A +)L +1> (3A +1+3)\> (A41)
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Appendix B. The determinant

This appendix gives a brief outline of the derivation of the determinant which results from the
implementation of the random phase approximation and the constraint upon entangled states.
At first, a general form is given with an identification of the relevant parts of the entanglement
and the second part contains an expression for the determinant in the space of replicas. Itis
given that all the matrices are already in the transverse space.

B.1. General deduction

The integral under investigation is
I= / ]_[Dwf@wé'f\fexp{ — 3> WA v! - 2nic“wa¢g]} (B1)
o k

wherec* = 0,1 anda = 0,1,...,n are the replica indices (which are discarded for the
annealed case). The functiotis represents the vector collective fields for the categories of
ringsinthe system= 1, 2. Indeedyr, A andE all depend on Cartesian labels in the transverse
space N represent the usual Gaussian normalization. Sinceé tfields describe the Fourier
transformations of functions iR3, i.e. they are bond-vector densities, they are not unrelated at
different values ok in that their complex conjugates can be related to the value at negative

Y (k) =¥ (—k). (B2)

This is dealt with here by rewriting the sums ovein the exponent of over a half-space
denoted byt > 0 and also by expressing the complex functions in terms of two real functions,

¢ and¢:
V= +ip. (B3)
This gives the integral

I = N/ exp{ — 3> (9724500 + ¢ 2A 580 — 2mict (¢ (B +E)e§ + 5 (B +E)g)

k>0
20 (AP — PIAFD)] } (B4)

It follows from the fact that-E(—k) = E*(k) (as can be ascertained from the definitioftpf
and by rewriting thee-sum that the following holds:

By = ynEys+ Y YiE Y. (B5)
k#0 k>0 k>0
The normalization is given in the usual way by,
N = exp[ +>In det(ZA;;lZAggz)] (B6)
k>0

The following definitions have been introduced too:
iA=FE—E* (B7)

2 kD
A=__° AOA k-p
k;.p —k}-p 0
k

(0 kep
_As(_k,ﬁ o). (B8)



Entanglements in polymers: Il 3319
These follow from the fact that
iA, = E(k) — E*(k) = / dr sign(t)e "*?7. (B9)

Equation (B8) can be deduced by making use of the expression for the Fourier transformation
of the sign-function,

+00 2 .
sign(t) =/ dw i—e"'“” (B10)
_oo 0]
which can be seen from the equations
a .
Eggn(f) = 20pirac(T)- (B11)
and
+00 2
iA =/ dwi—a(a)+kz-ﬁ). (B12)
—x w

The proportionality
E+E) ock-ps(k - p) (B13)
is noted and hence such terms have no contributidn to
The result forl is:

I= exp( — Y Indet(18,s + 7%c* AT Agyac? AAyﬂ2)> (B14)
k>0
where a summation convention is applied.

B.2. The replica space determinants

Theresult, above, has certain disadvantages when a summation over the differing values of the
¢* and a determinant is finally required. This can only be remedied by factorizing the resultant
determinant and computing the averages with the help of a well known approximation. This is
the procedure employed in the section where the entanglement contrilsigtios computed.

It is necessary to compute the determinant and by making use of the definitions of all
quantities:

1+QCOA56'A1 0cpAso Ay . 0coAsG Ay
0c1As0 Ay 1+oc1As6A3 ... 0Cc1A 50 Ay
D({ce}) = : (B15)
oc1As0,Ar o Asa Ay .. 1+o0c,Ag01A3

Elementary determinant manipulations can now be applied to the matrix above. Subtracting
appropriate multiples of the first column from the remaining columns such that all elements
but the first element of the first row are zero causes the first simplification. Now by subtracting
the second column from all columns to its left, and thereafter by adding appropriate multiples
of all rows to the second row, the determinant is reduced to:

n

D({ea)) = |1+ QCOAsaAll{ [T11+ccarsGDs| }|1 +0ca AsGDa(1+ 0cy AsGDs) Y.

a=1
(B16)
The appropriate matrices are given by:
Ds = Az — Ay (B17)
Ds = Az — Ag[1+0coAsG A1) tocoAss A, (B18)

Dg = D3 — Az + Ay, (Blg)
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Appendix C. Integral for quenched case

Here the simplest case for an isotropic variational parameter is assumed, afdsttaken

to be very large such that one can approximate the integrand to lowest ordérsF@rand

G > x?2, wherex, is again the cut-off due to the stiffness of the polymer molecules, one finds
that,

K= /dkkzdié In[1 + 0?A25 D567 Ds)

R LN\ 1«4
dk k2 dk 0% | —= ) = —=d(,6
/ Q(G)MZ(’)

12

2 3/2 .5
o° (LL X
=— (= —=<dn). C1
. ( = ) =50 (C1)
The definition of the explicitly deformation-dependent part is:
1 1 51
— (124 = 232 =
d(k)—(k +A+1><3A +1+3)\>. (C2)
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